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. Shapley Fagle-Kem [3]
. , Shapley
. , $\mathfrak{S}\subsetneq 2^{X}$ .
, $\mathfrak{S}\subseteq 2^{X}$ .
2
$X=\{1,2, \ldots, n\}$ $X$ $2^{X}$ . $6\subseteq 2^{X}$ $\emptyset$ $X$
(X, 6) . $X$ 6 .
$2^{X}$ . $2^{X}$ ,
$\mathfrak{S}\subsetneq 2^{X}$ .
1( ). (X, 6) . $v$ : $\mathfrak{S}arrow R$ $v(\emptyset)=0$
, $v$ .
$X$ . $A\in \mathfrak{S}$ ,
. $v(A)$ $A$ .
Shapley . $2^{X}$
.
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$\gamma_{k}^{n}:=\frac{(n-k-1)!k!}{n!}$ .
, , . $A,$ $B\in \mathfrak{S}$
$A\subsetneq B$ $A\subseteq C\subsetneq B,C\in \mathfrak{S}$ $C=A$ $A$ $B$
, $B$ $A$ , $A\prec B$ $B\succ A$ . $A\subsetneq B$
.
3( ). $(X, \mathfrak{S})$ . $?=(C_{0}, C_{1}, \ldots, C_{m})$ , $Ci\in \mathfrak{S},$ $i=0,$ $\ldots,$ $m$
$\emptyset=C_{0}\prec C_{1}\prec\cdots\prec C_{m}=X$ 6 .
$(C_{0}, C_{1}, \ldots , C_{m})$ $m$ . $\mathfrak{S}$ $m,$ $1\leq m\leq n$ $\chi_{m}(\mathfrak{S})$
. , $2^{X}$ $n!$ $n$ , $|\chi_{n}(2^{X})|=n!$
.
4( ). (X, 6) . $E,F\in \mathfrak{S}$ , $E\subseteq F$ $E\supsetneq F$
, $(X, \mathfrak{S})$ .
5( ). $(X, \mathfrak{S})$ . $E\in \mathfrak{S}$ , $\wp\in d_{n}(\mathfrak{S})$
$E\in\varphi$ , $(X, \mathfrak{S})$ .
. , Fagle-Kern
.
6( [4] ). $v$ $(X, \mathfrak{S})$ . $v$




E $i\not\in E$ $E\cup\{i\}$ $\varphi\in\chi_{n}(\mathfrak{S})$ .




2( ). $i\in X$ : $E\in X\backslash \{i\}$
$v(E\cup\{i\})=v(E)$ . , $\phi^{i}(v)=0$ .
3( ). $X$ $\pi$ , $E\in \mathfrak{S}$ $\pi(E)\in \mathfrak{S}$
. , $\phi^{i}(v)=\phi^{\pi(i)}(\pi ov),$ $i=1,$ $\ldots,$ $n$ . $\pi ov(E):=v(\pi^{-1}(E)),$ $E\in \mathfrak{S}$ .




5( ). $\mathfrak{S},$ $\mathfrak{S}_{1},$ $\mathfrak{S}_{2}$ $\Gamma_{n}(\mathfrak{S})=\Gamma_{n}(\mathfrak{S}_{1})\cup\Gamma_{n}(\mathfrak{S}_{2})_{f}\Gamma_{n}(\mathfrak{S}_{1})\cap\Gamma_{n}(\mathfrak{S}_{2})=\emptyset$
. $\alpha\in(0,1)$ , 6 $v$ ,
$\phi^{i}(v)=\alpha\phi^{i}(v|_{G_{1}^{\vee}})+(1-\alpha)\phi^{i}(v|_{\mathfrak{S}_{2}}),i=1,$ $\ldots,n$
$v|_{\mathfrak{S}_{1}},$ $v|_{\mathfrak{S}_{2}}$ $v$ $\mathfrak{S}_{1}$ , $\mathfrak{S}_{2}$ .
(FK) 5 .
7( $(FK)$ ). $v$ $(X, \mathfrak{S})$ . 1, 2, 3, 4, 5
$\Phi(v)=\{\phi^{1}(v), \ldots, \phi^{n}(v)\}$ (FK) .
, Shapley , 1,2,3,4 . , 3 .
3’ ( ) $X$ $\pi$ , $\phi^{i}(v)=\phi^{\pi(i)}(\pi ov),$ $i=1,$ $\ldots,$ $n$ .
8((S) ). $v$ (X, 6) . 1, 2’, 3’, 4
$\Phi(v)=\{\phi^{1}(v),$
$\ldots,$
$\phi^{n}(v)\}$ $($ S $)$ .
$(X, 2^{X})$ , 5 ( ). 7
7 .
9. $v$ (X, 6) , $(X, \mathfrak{S}, v)$ . $\Sigma_{n}$
$X:=\{1,2, \ldots, n\}$ , $\Delta_{6}$ $(X, \mathfrak{S})$ . $\Phi$





. , 1 $L_{1}$ $v$ . $(L, \vee, \wedge, T, \perp)$ V
( $\vee-$irreducible element) .
10 ( $\vee$ ). $x\in(L, \leq)$ : $a,$ $b\in L$ , $x\neq\perp$
$x=a\vee b$ , $x=a$ $x=b$. $x$ $\vee$ .
$L$
$\eta$ . $a\in L$ ,
$\eta(a):=\{x\in \mathcal{J}(L)|x\leq a\}$ ,
$\mathcal{J}(L)$ $L$ V . $\eta$ $L$ $\eta$ , $\eta(L):=\{\eta(a)|a\in L\}$
$(L, \leq)\cong(\eta(L), \subseteq)$ . $\eta$ $L$
$\eta(L)$ . $\eta(L)$ , $L$ (FK)
.
72
11. $L_{1}$ ( 1) $v$ , $v(g)=0$ . $L_{1}$ V $d,$ $e,$ $f$
. $\eta(L_{1})=\{\{d\}, \{e\}, \{f\}, \{d, e\}, \{e, f\}, \{d, e, f\}\}$ . $\eta(L_{1})$ ,







$\eta$ , . ,
, Multi-choice game Bi-capacity $\eta$
. Multi-choice game .
12 (Multi-choice game). $N:=\{1, \ldots, n\},$ $L$ $:=L_{1}\cross$ $\cdot\cdot\cdot$ $\cross L_{n}$ , $(L_{i}, \leq i),$ $i=$
$1,2,$ $\ldots,$ $n$ , $L_{i}=\{\perp, c, q_{2}, \ldots, c_{i,\ell_{i}}\},$ $\perp_{i}\leq iq_{1}\leq iG.2\leq i\ldots\leq iG_{i}\ell_{1}$
. $L$ , $v((\perp 1, \perp 2, \ldots, \perp_{n}))=0$ , $v$ Multi-choioe game .
$N$ , $L_{i}\ovalbox{\tt\small REJECT}\lambda$ $i$ . $i$
$L_{i}=\{\perp i$ , cml, $h_{i}2,$ $\ldots,c_{\mathfrak{i}_{l}\ell_{i}}\}$ , ( $\perp$ ) , $\ell_{i}+1$
. $v((c_{1}, c_{2}, \ldots,$ $))$ $c_{1},$ $c_{2},$ $\ldots,$ $c_{n}(\mathfrak{g}\in L_{i})$
.
$\eta(L)$ , (FK) ,
$\mathcal{J}(L)=\{(1_{1}, \ldots\perp i-1,c(i), \perp i+1, \ldots\perp n)|c(i)\in L_{i}\backslash \{\perp i\}\}$ ,




, $a\in L/L_{i}:=L_{1}\cross\cdots\cross L_{i-1}\cross L_{i+1}\cross\cdots\cross L_{n},$ $(a,c(i,j)):=(a_{1},$ $\ldots,$ $a_{i-1},$ $c(i,j),$ $a_{i},$ $a_{i+1},$ $\ldots$








13. 2 $L$ 2 multi choice game . 1
$\{0,1,2\}$ 3 , 2 $\{0,1,2,3\}$ 4 . $0$
12 $\perp$ , , $v(O, 0)=0$, 1 2
$0$ . $\mathcal{J}(L)=\{(1,0), (2,0), (0,1), (0,2), (0,3)\}$ , $\eta(L)$ 2
. $|\chi_{2+3}(L)|=10$ ,
$\phi^{(1,0)}$ $=$ $\frac{4}{10}(v((1,0))-v((O, 0)))+\frac{3}{10}(v((1,1))-v((O, 1)))+\frac{2}{10}(v((1,2))-v((O, 2)))$
$+ \frac{1}{10}(v((1,3))-v((0,3)))$ ,
$\phi^{(2,0)}$ $=$ $\frac{1}{10}(v((2,0))-v((1,0)))+\frac{2}{10}(v((2,1))-v((1,1)))+\frac{3}{10}(v((2,2))$ –v(( 2)) $)$
$+ \frac{4}{10}(v((2,3))-v((1,3)))$ ,
$\phi^{(0,1)}$ $=$ $\frac{6}{10}(v((O, 1))-v((O, 0)))+\frac{3}{10}(v((1,1))-v((1,0)))+\frac{1}{10}(v((2,1))-v((2,0)))$ ,
$\phi^{(0_{2}2)}$ $=$ $\frac{3}{10}(v((O, 2))-v((O, 1)))+\frac{4}{10}(v((1,2))-v((1,1)))+\frac{3}{10}(v((2,2))-v((2,1)))$ ,
$\phi^{(0,3)}$ $=$ $\frac{1}{10}(v((O, 3))-v((O, 2)))+\frac{3}{10}(v((1,3))-v((1,2)))+\frac{6}{10}(v((2,3))-v((2,2)))$
. 1 1, 2 $\phi^{(1_{2}0)}(v),$ $\phi^{(1_{2}0)}(v)+\phi^{(2_{i}0)}(v)$ ,
2 1, 2, 3 $\phi^{(0,1)}(v),$ $\phi^{(0,1)}(v)+\phi^{(0_{2}2)}(v),$ $\phi^{(0,1)}(v)+$








(FK) , . (FK) . [7]
.
14. $X=\{1,2,3\}$ , $\mathfrak{S}=\{\emptyset, \{1\}, \{2\}, \{1,2\}, \{1,2,3\}\}$
, $v(\emptyset)=0,$ $v(\{1\})=0.01,$ $v(\{2\})=0,$ $v(\{1,2\})=0.01,$ $v(\{1,2,3\})=1$ . (FK)
, $\Phi_{FK}(v)=(O, 01,0.99,0)$ . , Algeba ([1]) ,
$\Phi_{A}(v)=(0,034,033,033)$ .
14 , (FK) , 3 $0$ .
3 ( 2) . ,
$v(\{1,2,3\})=1$ , 1, 2, 3 , ,
3 .
2 , ( $2^{X}$ )




15. (X, 6) $v:\mathfrak{S}arrow R$ ,
$\phi^{i}(v):=\frac{1}{|\chi_{n}(2^{X})|}\sum_{C\in-l_{n}(o^{\vee})}\frac{v(\dot{B})-v(\overline{E}_{C}^{\backslash :})}{|_{-}\dot{B}_{4:}|-|\overline{E}_{C}^{\backslash :}|}$,
$i=1,$ $\ldots,n$ , $-X\{\cap E|E\in C, E\ni i\},\overline{E}_{C}^{\backslash i}=\{\cup E|E\in C, E\neq i\}$ .
, $A\subset B$ $A,$ $B\in \mathfrak{S}$ , $v(A),v(B)$ , $v(B)-v(A)$




[1] E. Algaba, J.M. Bilbao, R. van den Brink and A. Jime’ nez-Losada, Axiomatizations of
the Shapley value for cooperative games on antimatroids, Math. Meth. Oper. Res. 57, 49-65,
2003.
[2] J.F. Banzhaf, Weighted voting doesn’t work, A mathematical analysis. Rutgers Law
Review 19, 317-343,1965.
[3] U. Faigle and W. Kem, The Shapley value for cooperative games under precedence
constraints, Int. J. of Game Theory bf 21, 249-266, 1992.
[4] A. Honda, M. Grabisch, Entropy of capacities on lattices and set systems Information
Sciences, 176, pp.3472-3489, 2006.
[5] A. Honda, Y. Okazaki, Axiomatization of Shapley value of Faige and Kem type on set
systems Joumal of Advanced Computational Intelligence and Intelligent Informatics, 12(5),
pp. 409-415, Fuji Technology Press, 2008.
[6] L.S. Shapley, A value for n-person games, Kuhn HW, Tucker, AW (eds) Contributions to
the Theory of Games Vol. II, Princeton, 307-317, 1953.
[7] $Aa$ , , Shapley , 1561,
: , pp106-112, 2007.
76
